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Dynamical structure analysis of sparsity and minimality
heuristics for reconstruction of biochemical networks
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Abstract—Network reconstruction, i.e. obtaining network differential equations = f (x), the authors in [1] propose a
structure from input-output information, is a central theme  method to nd a best t for the elements of the Jacobian
in systems biology. A variety of approaches aim to obtaining of f(), F = f@f=@g, from time-series data obtained

structural information from available data. Previous work has b turbi t h i t H of th
introduced dynamical structure functions as a tool for posing y perurbing parameters such as temperature or pr of the

and solving the network reconstruction problem. Even for Cchemical solution. A nonzero elemeff represents a causal
linear time invariant systems, reconstruction requires specic dependency of; on x;; the magnitude and sign dF;
additional information not generated in the typical system represent the strength and nature (activation or inhibition)
identi cation process. This paper demonstrates that such extra of this dependency.

information can be obtained through a limited sequenceof sys- oth lgorith in the Ii i b
tem identi cation experiments on structurally modi ed systems, __t _er algorithms common in t_e |teratqre utilize prob-
analogous to gene silencing and overexpression experiments. abilistic methods such as Dynamic Bayesian Networks, or
In the absence of such extra information, we discuss whether information-theoretic techniques ([3], [4], [5]) to nd the
combined assumptions of network sparsity and minimality pest possible t-within a pre-de ned family of possible
contribute to the recovery of the network dynamical structure. | ,5dels—to input-output data. Some of these methods use data

We provide suf cient conditions for a transfer function to have f turbati - ts. similar to th d ibed
a completely decoupled minimal realization, and demonstrate rom perturbation expenments, similar to the ones descrbe

that every transfer function is arbitrarily close to one that above, while others (e.g. ARACNe, [5]) only require that
admits a perfectly decoupled minimal realization. This indicates data contain considerable “phenotypic variations of a given

that the assumptions of sparsity and minimality alone do not cell type.” To maintain computational tractability, algorithms
lend insight into the network structure. involving Dynamic Bayesian Networks typically assume a
|. INTRODUCTION system is discrete-time. As a result, they do not accurately

One of the fundamental issues in the identi cation of dy_de;stcer:rk:: the continuous reaction environment of biochemical

namical systems is that of accurately determining a systemsg . .
structure; that is, the presence or absence of causal rels—In the absence of data obtained from perturbations to

tionships between any two variables in a system. Structuf ructural parameters, other approaches such as [6] angl [7]
identi cation has generated especially high interest amon tempt to reconstruct biochemical netwc_)rks by assuming
biologists studying biochemical networks. Frequently, eve at the network exhibits a sparse connection topology. Such
a simple understanding of the causal dependencies Bemr%ﬁthods can involve tting a chemical network to time-series
variables can lead to valuable scienti ¢ progress. For exa Jata in a way that th@-norm of the reaction rates for the

ple, the knowledge of whether one species affects another ¢ ttemtrlus tm'”'”_“zed [6], or se_ttmg at I|tm|tAon :Ee number (t)'f
be useful in designing a drug to inhibit a certain, undesireg.arco that can in uence any given state. Anotner assumption

reaction while leaving other reactions unaffected. often used is that all states in the system are measured [7].

Different approaches to the reconstruction problem favdp this paper we examine the utility of such assumptions in

different types of data, such as chemical concentration dageonstructing the netwo.rk. . .
Many of the properties common to most biological

(steady-state or time-series measurements) or quanti ed sys—t orks—larae numbers of svstem variables. high noise and
tem parameters (such as rate constants or molecular Weigh& fworks—large nur y variables, nig ! .
ccuracy levels in data sets, nonlinearities—pose special

It is of interest to know whether certain types of datd" )
about a system are more useful than others for netwo allenges to netwo.rk reconstrucUon. In [8].’ [ we have
own that even with the assumption of linearity, time-

reconstruction. Results reported in [1] and [2] showed th . b f noi d i i
network reconstruction techniques involving perturbations t varlialmge, a ts)en.ce”o n0|sbe|_ an c?n |tnu.3ust.me?surerpen
network parameters have much higher predictive accura all time ( asically enabling perfect identi cation 0
than those which rely solely on data obtained from chang e transfer function) the causal interconnection structure
to initial concentration levels. Given a nonlinear system o etvyeen the measur{-zd states cannot pe reconstrgcted. In
particular, in [8] we introduced the notion afynamical
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Acquisition of this necessary information instead requires The advantages of working with the matrix pé@; P) as
several independent structural perturbations to a system amgposed tqW; V) are described in [8], [9]. The dynamical
observation of the dynamic behavior of each such modstructure function is invariant to any change of coordinates
ed system. We describe how structural modi cations to aland corresponding change of structure) involving only the
network, such as the commonly available biological experhidden states; such information is suppressed in this descrip-
ments gene silencing (or knockout) and overexpression, céion of the system. We conclude from this and Lemma 2.2
successfully yield a network’'s dynamical structure. We alsthat the dynamical structure function of a system contains
explore the implications of coupling assumptions of systermore information than the transfer function, and less infor-
minimality and sparsity on dynamical structure identi cation.mation than the state-space representation.

In Section II, we review some important theoretical prop- Theorem 2.3 (Reconstruction from Ggiven anyp m
erties of dynamical structure developed in [8], [9]. Section lItransfer functionG, with p > 1 and no other information
shows that the information necessary to obtain a system's dgbout the system, dynamical or Boolean reconstruction is
namical structure can be found by performing experiments arot possible. Moreover, faany internal structureQ there is
a set of well-de ned structural modi cations to the original a dynamical structure functiof@Q; P) consistent withG.
system such as gene silencing and gene overexpression. Iin particular, this shows that the use of criteria such
the absence of such experiments, we show in Section IV thats sparsity or decoupledness to guide our selection of a
without such information, reconstruction of the full systenproposal internal structur® can be misleading. If one were
dynamics between observable network components is nigt optimize for decoupledness, for example, a dynamical
possible, even under a combined minimality and sparsitstructure (0; G) could always be found, regardless of the
assumption. Section V concludes giving future direction. actual underlying network structure. Thus, if we are to use
. DYNAMICAL STRUCTURE such criteria, they m_ust be rmly justi ed a priqri.

) Theorem 2.4 (Partial Structure Informationziven ap

Our work in [8], [9] introduced several important conceptsy transfer functionG, dynamical structure reconstruction

related to dynamical structure, which we summarize here. We possible from partial structure information if and only if

consider an LTI system of form p 1elements in each column o) P % are known that
uniquely specify the component ¢€; P) in the nullspace
Yy - All A12 y n Bl u of GO | . . . - -
Xh A1 Ax Xh B, 1 Theorem 2.4 identi es exactly what information about a
_ y @) system, beyond knowledge of its transfer function, must be
y - 10 Xh obtained to perform network dynamical structure reconstruc-

0 w0 10 - tion without appeal to a priori assumptions like sparsity or
wherex = [ y° xj ]"2 R" is the full state vectory 2 parsimony, etc. This enables the design of experiments target-
R is a partial measurement of the statg, are then P ing precisely the extra information needed for reconstruction
the Laplace transforms of the signals in (1) and solving fofy)| rank, we observe that imposing to be diagonal, i.e.

Xh givesXn = (sl Az) “AxaY +(sl Az) "B2U. having each input control a measured state independently, is
Substituting into the Laplace transform of the rst equationyf cient for reconstruction.

of (1) then Y'e|qSSY = WY + VU, WhereW1= A + Corollary 2.5: If m = p, G is full rank, and there is
A1z (Sl Az) “AzandV = Ap (sl Az) "B2+Bi.  ng prior information about the internal structug of the

Let D be the matrix composed of the diagonal elements Qfystem, then the dynamical structure can be reconstructed
W. We equivalently obtain(sl D)Y = (W D)Y + if each input controls a measured state independently, i.e.
V U. Note t_hatVV_ Disa matrix with zeros on its dlagqnal, without loss of generality, the inputs can be numbered in
and thatD is a diagonal matrix of proper rational functions.gch an order tha® is diagonal. Moreoverd = G ! then

We thus have characterizes the dynamical structure as follows
Y = QY + PU @)
_ Hi dp. = L.
where Qj = - andPi =g

Q=(sl D) (W D)andP=(sl D) 'V (3 _ , , ,
A special case of this corollary in [10] considers steady-
De nition 2.1: Given the system (1), we de ne th@y- state or quasi-steady-state data, which means all transfer
namical structure functionf the system to béQ; P), where  functionsG,Q andP are evaluated & = 0. The drawbacks
Q and P are theinternal structureand control structure  of working with steady-state measurements are seen when
respectively, and given as in (3). transfer functions have zeros at = 0 and thus lack
Lemma 2.2:The dynamical structure functiofQ; P) of  dynamical predictability, while the advantage is that such
any system of the form given in (1) exists and is unique. linethods require much less data. In this paper, we provide
is related to the transfer functio, of the system by a framework which precisely characterizes the amount of
G=(I Q) 1p. ) information required for reverse engineering tinamical
structure of interconnected LTI dynamical systems, i.e. the
recovery of both the internal and control dynamic structure.
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1. NETWORK RECONSTRUCTION BYSTRUCTURAL ith mRNA to zero (consequently eliminating the associated
MODIFICATIONS protein from the network).

Knowledge of a network's dynamical structure allows Performing a silencing experiment o and measuring
9 y the dynamical behavior of this modi ed system yields a

recovery not only (.)f the networl_< topology (presen_ce O{ransferfunctiorgi,wheregi is a column vector. The control
absence of connections representing the causal relationsh cture functionp; for this particular experiment is a
|

between the network's components) but also of the dynami%%lumn vector of the formp, = [0; 5y ;2 0P, Pe. all
of the network's constitutive systems. Since a given transf ntries are zero except tﬁltzhlentry We k“n,o.\./\./, thi,s k.)e.cause
function admits several realizations, input-output data, whifﬁ[1 '

allow transfer function identi cation, do not provide enough e control inputy; affects the new hidden stateswhich in
' P Miurn only directly affect the measured state(this may, in

information to deduce a system's dynamical structure. turn, then affect other measured states). Thus, there is only
It follows from Theorem 2.4 and Corollary 2.5 that deter-

o . . . one unknown inp;.
mination of the dynamical structure of a.system with h|dden Data obtained from similar silencing experiments on each
states cannot be done by merely considering control inp

o . _ trol NPyt e p measured states gives us a transfer func@Gor
modi cations. It instead necessitates structural modi catlonhTéJ/

to the system. There are many ways to interact with thg. % ] and a diagonaP = diag(pa1; P22; :::; Ppp)-

ield its d ical - e know that thep 1 nondiagonal terms on each row of
system to yield its dynamical structure; we present tv_v?_, are zero; thus, the conditions of Theorem 2.4 are satis ed

such experlments based on gene silencing 'and. induci fid, as a result, we can solve for the dynamical structure.
OVerexpression. E>_<amples of such system_m0d| cations hathe number of independent RNAIi experiments required to
special relevance in the eld of systems biology. reconstruct the network is exactly

In particular, we will consider two different types of mea-  \1aasuring protein concentrations rather than mRNA re-
surements typically available to biologists, i.e. measuremer%ires our corresponding simplied model to be a little

of messenger RNA (mRNA) concentrations (as done byigterent, taking into account the dynamical effects of gene
microarray techniques) and of protein concentrations.  gjiencing on protein concentration levels. However, by a

similar argument, we can still choose the corresponding
control structure® to be a diagonal matrix. In particular, the
Perturbing the system with RNA interference (RNAI) ismeasured states do not directly depend on the new hidden
a relatively easy way to directly interact with a speci cstates, but rather on the control input. The measured proteins
gene. RNAI is a structural perturbation mechanism thdn turn affect the mRNA concentrations (which are hidden
either inhibits gene expression at the stage of translatictates in this situation). Bringing the mRNA concentrations
or hinders the transcription of specic genes. This lead# zero will eventually lead the associated protein to degrade
to gene silencing, a term generally used to describe tland approach zero. It follows that of these experiments
“switching off” of a gene by a mechanism other than genetiwill also enable dynamical structure reconstruction.
modi cation. Gene silencing is a type of experiment thaﬁ3 Inducible overex .
is readily available to biologists and obviously can be seen’ pression ) )
as making a modi cation to the structure of the biological AS @ second set of structural perturbation experiments we
system. consider inducible overexpression. Overexpression of a gene
We rst assume that our network hasobserved states May be constitutive or inducible, through introduction of
(MRNA concentrations which we can measure). We modd transgene into the host which is speci cally designed to
gene silencing by RNAI as an “operator” that adds additiondl'créase the abundance of the desired transcript. Inducible
state variables and inputs to the system. The additiongyerexpression uses a chemical to activate the inserted trans-
statesz represent the RNAi molecule and the compledne, temporarily driving the concentration of a particular
resulting from the binding of the RNAi and correspondingnéasured state to a large value.
mRNA. Silencing an mRNA results in temporarily driving 1 he target speci city of these methods allows us to control
its concentration to zero. For the purpose of illustrating 9€N€'s expression without directly affecting other genes
the methodology, we consider a simplied model wherdn the network. Putting these modi cations in terms of a
all differential equations remain the same except for thgeneral network, overexpression of a state makes the effects

measured statg; and the added hidden state dynamics ©f Other states on the overexpressed state negligible, while
This simpli ed model is given by preserving the effects of the overexpressed state on other

states. These experiments can affect the system slightly or
severely depending on which state is modi ed (Figure 1).
We can posit a simple model of inducible overexpression

A. Gene silencing

Yi = & You &z . . . .
Xh in a similar way to the above model of gene silencing. In
B b this case,z is a single molecule representing a promoter
z = Azt U for genei. The concentration of MRNA correspondingyto

will then increase to a high value, affecting other measured
wherea; corresponds to thgh row of A, andA;, & andb  concentrations. This results in g that, as before, has
characterize the dynamics of the added statemdu; is the only one nonzero entry. In a similar way, we can show
input. Over time, silencing reduces the concentration of thihat inducibly overexpressing all measured states leads to

175

Authorized licensed use limited to: Brigham Young University. Downloaded on September 18, 2009 at 00:53 from IEEE Xplore. Restrictions apply.



47th IEEE CDC, Cancun, Mexico, Dec. 9-11, 2008

Fig. 1. A sample network (i) with four observed states and one input, and
the resulting network when x2 is silenced (ii) or overexpressed (iii). Grey
arrows represent inhibited connections or states while thick arrows show
connections that have been strengthened.

a diagonal P and allows us to reconstruct the dynamical
structure of the network. As before, a similar argument
follows if protein concentrations are measured instead of
mRNA.

IV. DECOUPLED STRUCTURES AND NETWORK SPARSITY

In the absence of extra information obtained from such
experiments as silencing and overexpression, we investigate
whether the use of a combined sparsity and minimality
assumption can contribute to the recovery of the network
dynamical structure. In particular, we are interested in deter-
mining whether the use of a sparsity assumption about the
control or internal structure can contribute to the recovery
of its dynamical structure. Sparsity has been considered
as a natural assumption in the literature, mainly on the
basis that many biochemical networks exhibit relatively few
connections among system states.

Since the control structure P may reflect the introduction
of artificial stimuli to the system, its structure conveys no
information about the causal relationships between internal
components of the network under consideration. In particular,
a sparsest network structure implies as few as possible
internal causal relationships between the components of the
network. Thus a sparsest realization should be understood
as a sparsest internal structure, (), consistent with the input-
output dynamics given by G. We learned in Theorem 2.3
that any transfer function G admits a perfectly sparse, or
decoupled internal structure (Q = 0). As a consequence,
sparsity alone cannot be used to recover dynamical structure.

However, these decoupled structures with @ = 0 are
not always realizable with a minimal system. The question
thus remains whether imposition of a sparsest structure,
realizable by a minimal system, may offer some insight about
the dynamical structure of the system responsible for the
measured data. We introduce some terminology from [11]:

Definition 4.1 (Characteristic polynomial): The charac-
teristic polynomial of a proper rational transfer function
matrix G is the least common multiple of the denominators
of all minors of GG, where a minor of a matrix A is the
determinant of some square submatrix of A.

Definition 4.2 (Smith-McMillan degree ): The Smith-
McMillan degree of G, or §(G), is the degree of the
characteristic polynomial of G.

TuA05.5

Theorem 4.3 (Minimal realization): A LTI realization of
G, (A, B,C, D), is minimal if and only if dim A = §(G).

The requirement that dim A = §(G) is equivalent to
the condition that the realization is both controllable and
observable. Since we are only considering systems with
the form shown in (1) we assume that D = 0 and C =
[I 0], and refer to a system as (A, B). Note that given any
minimal realization (A, B, C'), there always exists a change
of coordinates leading to an equivalent minimal realization
(A,B,C) with a matrix C' = [I 0] provided that C' has
full row rank.

We will use these results in the next few proofs. The
following assumptions hold for the remainder of the section:

Aj: @ is a matrix of strictly proper rational transfer func-
tions, of size p  p, such that all diagonal elements of
Q are 0.

As: P is a matrix of strictly proper rational transfer func-
tions, of size p m.

As: Disap pdiagonal matrix of proper rational functions.

A pair (@, P) satisfying assumptions (A1) and (A2) is called

a dynamical structure.

Definition 4.4: A realization (A, B) is (Q, P)-minimal if
the dynamical structure of (A4, B) is (@, P) and if there
is no pair (4, B), with dim(A) < dim(A), such that the
dynamical structure of (4, B) is (Q, P).

Lemma 4.5: Given @, P, and D satisfying assumptions
(A1), (A2) and (A3) respectively, there exists a realization
(A,B) of [W V] =[(s]-D)Q+D (sI—D)P]| sat-
isfying

W = Ay + Ara(s] — Ag) ™' Ay (%)

V = By + Aja(sI — Agn) ' By 6)

with the partitioning Ay, A2, Aoy, and Aso as defined
in (1).

Proof: Since P and (@ are strictly proper and D is
proper, W and V' are proper. As a consequence, a realization
of the matrix transfer function [W V] can always be
obtained. Let (A, B, C, D) be such a realization:

W V]=D+C(sI-A)"'B

Now set Aoy = A/Al and A1 = C and consider the partitioning
[A21 Bz| = Band [A1; Bi] = D. We then obtain

(W V]=D+C(sI-A)'B
= [A11  Bi] + Aia(s] — Agp) ' [A21  Bo]

|

Finding a realization (A, B) which is (Q, P)-minimal
amounts to choosing a D (not necessarily unique) that will
minimize the Smith-McMillan degree of the transfer function
matrix [(s/ —D)Q+ D (sI — D)P]. This is easily seen
since the Smith-McMillan degree of this latter matrix transfer
function corresponds to the number of hidden states in the
realization (A, B) (the dimension of Ass) obtained through
the construction given in the proof of Lemma 4.5. This
may or may not correspond to a minimal realization of
G. In Example 4.9 we consider a transfer function whose
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