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Chapter 1

Introduction

1.1 Organization of the Thesis






Chapter 2

The Value of Cooperation Within a Profit-Maximizing Organiz ation

This paper proposes a measure to quantify the value of catperexperienced by
a firm. Using a reverse merger simulation approach, the ptage of a firms profits due
to cooperation can be precisely determined. This is acdshmgal by considering the profit
maximizing dynamics of firms in the market as defining a valuecfion of a coalition

game. A simple example illustrates the ideas.

2.1 Introduction

This paper derives a method for quantifying the value of evation (VC) and the relative
value of cooperation (RVC) experienced by a firm. The idea Isttthe profit maximizing
dynamics of a given market structure define the value fundiio a particular coalition
game. With this idea, we may aid anyone who needs to know abpubducts place in
the product network. For business managers, this meansémelnow the products their
business offers which contribute to a greater whole, as sgxpto those product lines which
may be sold off with minimal impact. They may also discoveichiproduct lines would
be most advantageous for their business. Given any set diipt®inside or outside the
business, we may calculate the value of this set (with praditimization the objective).
Our method is also useful for the antitrust division of thetihe Department. They
are interested maximizing total social welfare in a markgttotecting market competition.

To do this, they attempt to measure the control a particdarpany has on the market and



take appropriate measures. Their preferred measure of @heetrpower of the company
is the Herfindahl-Hirshman index (HHI) [7], the sum of the amps of each firms market

share, given by

N
IHH :ZS,Z (2.1)

This measure, however, relies on legal definitions of paldicmarkets and focuses on a
computation of market share. Market share, however, has &le@vn to be a weak indi-
cator of market power [3]. A more direct measure of market grothat is insensitive to
legal definitions of market boundaries but highly sensitovéhe economics of the under-
lying product network would make a significant impact on st efforts. The value of
cooperation a firm is able to realize within a given econommrenment is a step in the
direction of computing market power directly. This work wsaheavily from the theory of
industrial organization and coalition games[7], [1], [E], [4]. The most closely related
work to our study is recent work on merger simulations. Orgep§2] describes how the
impact of a proposed merger can be computed by evaluatingastemerger equilibrium
prices. The paper considers common functional forms of dehfianctions, and indicates
how to conduct the merger simulation in each case. The vélkmoperation proposed here
is found through a kind of reverse merger simulation that@es the impact of splitting
the firm into its constituent economic units to determinevdlee it is realizing by unifying
the objectives of these basic units.

The next section introduces the dynamic framework motiathe profit gained
at equilibrium as a viable value function. A coalition gammehen formulated using this
value function, and the Value of Cooperation and Relativiei&af Cooperation are then
introduced as measures on this game. A simple example igtiosided to illustrate the

ideas, and the conclusion and future work summarizing thi fadlows.



2.2 Profit maximizing dynamics

Consider a market#, of N products. Without loss of generality, give these produnts a
arbitrary order and integer label so th#t = {1,2,...,n}. Let p € RN be the vector of (non-
negative) prices for thede products, and leq: RN — RN be the (hon-negative) demand
for these products at pricgs

A firm, F is a subset of th&l products in the markeE € 2. This implies that
the firm controls the production and distribution of the proi assigned to it. Most im-
portantly for our analysis, since we consider a Bertrancketanodel, this implies that the
firm may set the prices of the= |F| products assigned to it.

We suppose that the products of the market are partitionsdele@ m firms. This
implies that no two firms control the same produgt)Fj = 0 Vi # j and that the union of
all products assigned to the m firms compose the entire mayRetF = .7

Letcj(q;j),j =1,...,N be the cost of production @f; units of productj. The profit

of theit! firm is then given by

JeF

M = }P[qj'(p)pj—cj(qj(m)]

A profit-maximizing firm under the Bertrand model of markehbeior will tend to change
its prices to maximize its short-term profit. We model thisidador by assuming that the
firm will evolve the prices of its products in the directionroéximally improving its profits.

That s, if product j belongs to firm i, then we expect the firnetolve the price of product
jas

dpj(t)  dmn(p)

dt opj

p(t)

wherep(t) is the pricing vector for the entire market at time
Notice that these dynamics suggest that if the partial déve of profits is negative

with respect to the price of produgtthat the firm shouldiecreasehe price of producj.



This is in the direction of improving profits. Likewise, ifelpartial derivative were positive,
the firm would increase the price of prodydo improve profits. When the partial derivative
is zero, the motivation is to hold the price at this locallgfitrmaximizing position.
Reordering the N market products so that each firms produetgrauped together,
and lettingn; be the number of products controlled by fiifnwe then can partition the
pricing vector into components associated with each firmevéry firm in the market is

assumed to be profit maximizing, this yields the followingrked dynamics:

p1(t) (0m/dp1)(p(t))
Pry (1) (0m/dpn,)(p(t))
Pry+1(t) (015/0Pn, 1) (P(L))
' _ 5 2.2)
pn1+n2<t) (anz/apnlJrnz)(p(t))
pl+2{111 nj (t) (a%/apl+zr111 nl)(p(t>)
e ] | (dmm/dpn)(p(t))

where the dot notatiop(t) is used to represeuntp(t) /dt. Notice that if the market system
(2) has an equilibrium, such a pricing vector peq would repnéprices from which no firm
can improve its profits by unilaterally changing the pricesravhich it has control. Under
certain technical conditions such an equilibrium can beashto exist. Moreover, this
equilibrium can often be shown to be asymptotically stainléhe sense that any pricing

vectorp(0) will converge to the equilibriunpgq ast — oo,



2.3 The firm as a Coalition in a Multi-Coalition Environment

Under the assumption that the market dynamics are stadglizve expect price perturba-
tions to re-equilibriate. In this context, it is convenig¢atsimplify the problemby only
considering the profits of the firms at equilibrium. Thesefigalefine a payoff function
reminiscent of those used to define coalition games.

Let v(Fi) = m|p:peq be the payoff or profit of firm at the market equilibrium
prices peq. In this way the firm may be thought of as a coalitibn; players in anN-
player cooperative game. Each player is a one-product coyrpat completely manages
the production, distribution, and pricing decisions farproduct. The firm, then, is a con-
federacy of these one-product companies that works togg&thmeaximize their combined
profits or payoffs.

The theory of coalition games studies the behavior of suelitans once the pay-
off function is defined for every possible coalition. Theads that any given coalitioF;
yields a well-defined payoff(F;), and then a number of questions can be explored regard-
ing how to distribute the payoff among the members of theitoa) etc.

Our situation is different because the payoff to a given fimeght just depend on
the products it controls, but also on the market structurth@fproducts outside the firm.
For example, consider a 10-product market and a three prdidoncin the market. The
payoff to the firm does not just depend on the prices of theetpreducts it controls, but
also on the prices of the other seven products. The profiirmaxg equilibrium prices
of these other seven products, however, may be set diffgr@@pending on whether they
belong to a single firm or whether they are controlled by selrtferent companies. Thus,
the payoff to the three-product firm depends on the entirketatructure.

Coalition game theory addresses such situations by camgideartition systems
and restricted games. For our purposes, it is sufficienttiitijoa the N products of M into
m firms and then assume that this structure is fixed outsideegdarticular firm that we are

studying. This enables us to work with a well defined payafiction induced by the profit-
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maximizing dynamics of firms within the market without elmating the multiple-coalition

(i.e. multiple firm) cases of interest.

2.4 Value of Cooperation

To quantify the value of organizing a group of one-produchpanies into a single firm, we
need to compare the profits the firm receives if it sets itegras if each of its products were
independent companies with those it realizes by fully @igihg on cooperation between
the products. More precisely, Igkq be the profit-maximizing equilibrium prices for the
given market structure. In contrast, consider the new pmadiximizing equilibrium prices
achieved without cooperationff were divided into its constituent one-product companies
and each independently optimized their prices. Let thisséset of equilibrium prices
serve as a basis for comparison, or reference, and be dgnetedhe value of cooperation

(VC) of a given firmF; in market.# with structure = {F,F,, ..., Fn} is then given by

VCref(FhS) = Tﬂ‘peq_ Tﬂ|pref (23)

This measure captures precisely the value realized by thalfie to cooperation within its
organization. Nevertheless, the measure carries unitsliaird and reflects a kind of abso-
lute dollar-value of cooperation within the firm. Moreoveote that the measure is always
non-negative since the cooperating firm can always recaveast the non-cooperating, or
reference, profits by simply setting the prices it controlpéq to those of pref .

A related measure captures the relative value of cooperé®dC) by normalizing

VC,¢t by the equilibrium profits as:

Tﬂpeq_ n|r|pref

RVcref(Fl s S) = I'E‘
Peq

(2.4)



This measure is interpreted as the percentage of profitsodueoperation within the orga-
nization. It is bounded between zero and one, and it fambtdirect comparison between
firms of different sizes.

Sometimes we may be interested in measuring the value ofecatipn between
structures other than the current market structure andefieeence structure. This could
be the case when considering mergers between firms, or wheagaaent is considering
selling off a piece of the firm. In such cases it is easy to extie definitions of VC
and RVC by simply replacing the equilibrium and referendegs with the equilibriated
profit-maximizing prices of the two market structures beinghpared.

Itis instructive to contrast the VC and RVC with other measuwrsed to characterize
cooperative games. Hart and Mas-Colell defined a measuted ¢he potential P, that
computes the expected normalized worth of the game i.e. éhegpita potentialP/N,
equals the average per-capita woflym) 3;(5)/(|Fi|). Given a market structure, this
measure characterizes the expected profit of an averagdsine(where size is measured
with respect to the number of products the firm controls) ertiarket, even if such a firm
does not actually exist.

Moreover, the potential has been connected to another meeasilied the Shapley
value, ®; , which yields the marginal contribution of each producthe market. This
measure characterizes how the payoff of a coalition shoalditided between members
of the team. In both cases, the potential and Shapley valumtsuggest anything about
the intrinsic benefit of forming coalitions in the first place

The Value of Cooperation, VC, and Relative Value of CoopematRVC, on the
other hand, capture the natural significance for organipigluction into multi-product
firms. Nevertheless, these measures do not yield any infamabout how the profit of a
firm should be efficiently invested into each of the firms citastt production lines. Thus,

the measures are inherently different from the potentiahapely value of the coalition



game that focus more on the value of a member of a coalitiong@toup rather than the

value of the coalition as a whole.

2.5 Example

To illustrate the point, consider a two product economy Witear demand given by

o (t) _ |85 -1 p1(t) . 100 25)

() —3 2| |p(t)| |1200

Suppose that the unit production cost of each product #s 10,¢c, = 10. If we consider
a market structure where each product is produced by anemdiemt company, the profit

function for each company becomes

ma(t) = gu(t)(pa(t) — 1)

= —3.5p% — p1p -+ 135p; + 10pp — 1000 (2.6)
(1) = g2(t) (p2(t) — C2)

— —2p3 — 3p1p2+ 30p; + 120p; — 1000 (2.7)

Taking the partial derivatives of each profit function widspect to the appropriate pricing

variable, we find the profit-maximizing market dynamics to be

o
el

—
=

—7 =1 | pa(t 135
- O 2.8)
-3 —4| |p2At) 120

o
—~

—
—

o
—
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Figure 1 shows how the two-firm dynamics drive an initial prgcvector to a profit-

maximizing equilibrium. This equilibrium price is

16.8
Pref =
174
and the associated equilibrated profits @yre- 16184, andmm = 10952.

Now, consider a market structure where both products arealtad by the a same

firm. In this case, the firms profit function becomes

mi(t) = qu(t)(pa(t) — 1) +2(t) (P2(t) — c2)
= —3.5p2 + 165p; — 4p1pz + 130p; — 2p3 — 2000 (2.9)

With this market structure, the firm adjusts the prices ohlqmbducts to optimize

the same objective. These new dynamics become:

dplt) —7 -4 t 165
R P} . (2.10)
are(t) —4 —4| | pa(t) 130

Figure 2 shows how the single-firm dynamics drive an initiatipg vector to a profit-

maximizing equilibrium. The new equilibrium price is giveg

11.67
Peq = (2.11)
20.83
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and the associated equilibriated profits agg= 316.667. The value of cooperation in this

example thus becomes

VC = Toq— (78 + ) = 45.3067

RVC =0.1431

This suggests that in this market, just under 15% of the grofithe two-product firm are

the direct result of its interfirm cooperation.

2.6 Conclusion

This paper explored quantitative measures to calibratevdhee of cooperation within a
specific firm in a given market. The idea is to assume profitimesing dynamics among
the firms within the market and compare equilibrium profitewo different scenarios. The
first scenario considers the firm as itis, as a single econentity with a unified objective
and exhibiting full cooperation between its various ecoimoumits. The second scenario
considers splitting the firm into its constituent economdsiand computing market equi-
librium prices if these units were to fail to cooperate anttdcompletely independently
out of self interest. The difference between the coopexatrofits of the first scenario and
the aggregate profits of the independent units of the seamsmthsio define a measure we
call the Value of Cooperation, VC, of the firm in its currentnket environment. A sec-
ond related measure is the Relative Value of Cooperatioi§;,Rvhich normalizes the VC
measure by the cooperative profits to yield a unitless metdtreveals the percentage of
profits derived from cooperation within the firm.

Quantifying the value of cooperation is a first step in un@derding how firms exert
market power in their respective environments. This infation is important for both
managers, who hope to leverage the information to bettet fle@ir organizations, and

regulators, who want to monitor the impact of corporate sleas on social welfare. Future

12



work will concretely establish the relationship betweea YW and RVC measures and
market power and indicate how to compute approximationkéed metrics from readily
available market data.

Acknowledgements Wed like to thank David Sims for his thoughtful discussions

on the nature of economic systems and the meaning of coofevatue.
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Chapter 3

Cooperation-based Clustering for Profit-maximizing Organzational

Design

This paper shows how the notion of value of cooperation, asomesof the percent-
age of a firm’s profits due strictly to the cooperative effest®ong the goods it sells, can be
used to analyze the relative economic advantage afforde@fiyus organizational struc-
tures. The value of cooperation is computed from transastitata by solving a regression
problem to fit the parameters of the consumer demand funcioth then simulating the
resulting profit-maximizing dynamic system under variougamizational structures. A
hierarchical agglomerative clustering algorithm can bglied to reveal the optimal orga-

nizational substructure.

3.1 Introduction

Analyzing the impact of organizational structure on theq@nance of profit-maximizing

organizations is a difficult task for business managers., i¥débrmed design decisions
are essential to long-term profitability. While these diecis are often ad hoc, today’s
large volumes of data make more systematic analyses pesdibe key concept in such
analyses is that of the value of cooperation (VC) experiétgea firm, which captures the

percentage of a firm’s profits due strictly to the cooperatifects among the goods it sells

[1].

15



Such a measure provides the scientific backing for soundhg@onal design de-
cisions. For example, if a firm can identify which of its pratiki have strong synergies
with others, it can organize to ensure that decision maKeedated products work closely
together. This may include physically co-locating ensitiehere interaction adds strong
value to the organization, or it may result in decentraioratvhen cooperation adds little
value. Similarly, if a firm identifies pieces of its businekattadd little cooperative benefit
to the organization as a whole, it may consider selling asthsubunits. A subunit with a
healthy balance sheet may sell for a high price without exbrgraffecting the firm’s value
of cooperation. On the other hand, the firm may pursue a diftestrategy of retaining its
decoupled subunits but use the value of cooperation toifgiemt acquisition that strongly
couples their mutual benefit. Thus, divisions of a firm that quite independent may be
cooperatively coupled through the acquisition of anothesitess with the right coopera-
tive effects. For example, a firm with two distinct indepentigivisions that have no value
of cooperation may acquire another business unit that ngtamds value of cooperation
with each division, but does so in a way that the total busibesomes tightly integrated.
Moreover, the firm may identify an acquisition candidate teatruggling on its own, and
thus is inexpensive, but brings the right cooperative éffexthe organization to offset the
risk of acquiring a struggling business. The value of coapen thus becomes the lens
through which a firm can better identify valuable opportasiin the market environment,
or costly "baggage” in its own organizational structure.

In this paper, we discuss a value of cooperation inspiredhéytieory of industrial
organization and coalition games [2], [3], [4], [5], [6]. €&stially, the profit maximiz-
ing dynamics of a given organizational structure define tdaesfunction for a particular
coalition game. Researchers in [7] describe how the implatpyoposed merger can be
computed by evaluating the post-merger equilibrium priddsey consider common func-
tional forms of demand functions and indicate how to condhetmerger simulation in

each case. Our value of cooperation is computed throughdedfitfreverse” merger sim-
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ulation that explores the impact of splitting the firm ints @onstituent economic units to
determine the value it is realizing by unifying the objeetvwof these basic units. We are
then able to use this measure to drive a hierarchical agghiime clustering algorithm
in order to reveal the organizational substructure defiregdrally from the cooperative

effects of the global product network.

3.2 The Value of Cooperation

Consider a marketyl, sellingN products. A firm,F, is a subset of th&l products in the
market,F € 2M. This implies that the firm controls the production and distiion of the
products assigned to it. Furthermore, we consider a Bertnagrket model, so that each
firm may set the prices of the products assigned to it. We asshat the products of the
market are partitioned between m firms (i.e., no two firms @rthe same product) and
that every firm in the market is a profit maximizing entity. @ndhe standard assumption
that market dynamics are stabilizing, we expect price peations to re-equilibriate, which
means that we may simply consider the profits of firms at dojiulin. These profits, in
turn, define a payoff function reminiscent of those used fmdeoalition games.

Let v(Fi) = ”|p=peq be the payoff or profit of firm i at the market equilibrium
prices peq. In this way the firm may be thought of as a coalitibni players in an N-
player cooperative game. Each player is a one-product coyripat completely manages
the production, distribution, and pricing decisions ferproduct. The firm, then, is a con-
federacy of these one-product companies that work togétheraximize their combined
profits or payoffs. The theory of coalition games studieskikavior of such coalitions
once the payoff function is defined for every possible cmadit The idea is that any given
coalitionF yields a well-defined payofi(F), and then a number of questions can be ex-
plored regarding how to distribute the payoff among the mensibf the coalition, etc. Our
situation is different, however, because the payoff to @gifirm does not depend only on

the products it controls, but also on the market structurth@fproducts outside the firm.
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For example, consider a 10-product market and a three prdidoncin the market. The
payoff to the firm does not depend only on the prices of theetpreducts it controls, but
also on the prices of the other seven products. The profiirmaxg equilibrium prices
of these other seven products, however, may be set diffgr@@pending on whether they
belong to a single firm or whether they are controlled by salifarent firms. Thus, the
payoff to the three-product firm depends on the entire masketture. Coalition game
theory addresses such situations by considering parstistems and restricted games. For
our purposes, it is sufficient to partition theproducts ofM into m firms and assume that
this structure is fixed outside of the particular firm that we studying. This enables us
to work with a well-defined payoff function induced by the fitronaximizing dynamics
of firms within the market without eliminating the multipt®alition (i.e., multiple firm)
cases of interest.

To quantify the value of organizing a group of one-produchpanies into a single
firm, we need to compare the profits the firm receives if it sestpiices as if each of
its products were independent companies with those itzeslby fully capitalizing on
cooperation between the products.

More precisely, letpeq be the profit-maximizing equilibrium prices for the given
market structure. In contrast, consider the new profit maiirg equilibrium prices
achieved without cooperation§ were divided into its constituent oneproduct companies
and each independently optimized their prices. Let thisséset of equilibrium prices
serve as a basis for comparison, or reference, and be dgmetedVe can then define the

following measure.

Definition 1. The Value of Cooperation (VC) of a firm iR market M with structure S

F1,F, ...,Fnis given by:

VCef(R,S) = 7y, — Th| Pref (3.1)

18



This VC measure captures precisely the value realized bfirthedue to cooper-
ation within its organization. Note that the VC measure v8agls non-negative since the
cooperating firm can always recover at least the non-cotipgrar reference, profits by
simply setting the prices it controls in peq to thosegf;.

As defined, the VC measure carries units of dollars and refee&ind of absolute
dollar-value of cooperation within the firm, thus making qmarisons difficult. We, there-
fore, define a "relative” Value of Cooperation by normalgixC,ef by the equilibrium

profits as follows.

Definition 2. The Relative Value of Cooperation (RVC) of a firgnirFmarket M with

structure S= Fy, P, ..., Fyqis given by:

Tﬂ‘peq_ Tﬂ|pref

RVCref(FhS) = TE|
Peq

(3.2)

This RVC measure is naturally interpreted as the percerdfgeofits due to co-
operation within the organization. It is bounded betweew zed one, and enables direct
comparison among firms of different sizes. By simply repigdhe equilibrium and ref-
erence prices in the above definitions with the equilibdgiefitmaximizing prices of the
market structures being compared, one can easily use teenthdified VC and RVC to
analyze the relative values of different organizationalgtres within a single firm. This
is a natural application of the above framework, where theketas a firm and the firms

are its organizational divisions.
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Chapter 4

Coalition Robustness of Multiagent Systems

Business networks provide one of the most compelling enwirents to study
the conflicting effects of competition and cooperation oritiragent dynamical systems.
While firms engage various merger and divestiture strasegiecreate the desired coop-
erative environment that enhances their market power, rgavental regulatory agencies
enforce antitrust measures that protect competition asans® limit the market power
of these organizations. Merger simulation has subsequewntlived in recent years as a
mechanism to study the impact of different organizatiotraictures on the market. Nev-
ertheless, typical economic models can often lead to catigretlynamics that arbitrar-
ily lose stability when considering different organizat#b structures. This work provides
stability robustness conditions with respect to coalistmicture for profit-maximizing dy-
namical systems with network demand, and partially conviixyu In particular, we show
that stability of the coalition of all agents is sufficientgoarantee stability of all other
coalition structures. These conditions are then leverégptbvide a systematic methodol-
ogy for estimating a rich variety of demand systems thatajuae sensible stability results

regardless of the structure of cooperation in the markeg¢pla

4.1 Background: Firms, Market Power, and Merger Simulation

One of the most well-studied multi-agent systems is the stptice. Market dynamics are

governed by competition, nevertheless one of the moststieig features of the market is
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the spontaneous emergence of cooperation structures Ifgroal Firms represent coali-
tions of agents that offset the computational limitatiohsdividual agents to better com-
pete for scarce resources. They orchestrate policies tieatjat to drive profit-generating
dynamics in the face of considerable uncertainty, both fileeconsumer market and from
the competitive forces of other firms. Piloting a firm is onetlod most interesting and
difficult control problems we've encountered.

One way firms cope with market uncertainty is through growAl.firms deploy
successful policies, they acquire capital that enable tioesittract the cooperation of more
agents in the marketplace. This can happen organicallygrthe hiring of employees and
the natural expansion of the firm’s existing operationst can happen suddenly through
mergers and acquisitions. Either way, such growth attertgptaitigate uncertainty by
either entrenching the firm in the market niche known to haentpreviously successful, or
by offsetting risk by diversifying the types of products engces the firm uses to compete
for profits.

As firms generate wealth, they distribute a portion of it teitistake holders, who
then engage the marketplace as consumers or investors &fraher another. The ability
of consumers to translate this wealth into an improved uali life, however, depends
significantly on the balance of power between firms in the ei@iace. When firms are
too strong, they do not have the incentive to innovate, aeg tan restrict the flow of
existing goods and services to consumers unless premiwespaie paid. When firms are
too weak, they do not have the ability to innovate, nor do thegerate the wealth their
stake holders might otherwise have had to participate mdhe ds consumers or further
investors in the marketplace. As a result, governmentgabitite growth and strength of
firms, either by stopping proposed mergers or by forcing fitondivide. This maintains
competition as an effective force to limit the market powkfirons, and it ideally creates

resonance between the welfare of consumers and the weffameestors that fuel growth.
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At the heart of both the firm’s growth strategy and the govesnts regulation
strategy, then, lies the ability to measure a firm’s marketgroln 1997 the US Department
of Justice and the Federal Trade Commission’s releaseelgeg governing the regulation
of mergers within the United States [1]. This, in turn, pp#teited growing interest in the
use of “merger simulations” to estimate the effects of pegabmergers or acquisitions
[6], [7], [13], [2] and [3].

Merger simulations predict post-merger prices based onnaadd model of the
relationship between prices charged and quantities sotbéfirms under investigation in
the relevant market. Assumptions or models about supplegsare also incorporated into
the simulation. Under a Bertrand model of pricing, every faets the prices of its brands
to maximize its profits. Equilibrium results when no firm canlaterally change its prices
to improve its profits. Simulations compare pre-mergergsiand profits with post-merger
prices and profits to analyze the impact of the merger. “Re/esimulations compare
prices and profits of an existing firm with those resultingrirthe division of the firm into
constitutive components, thereby measuring the “Value adgeration” achieved by the
strategic positioning of the firm as the coalition of thosdipalar components within the
context of the larger market [9], [8], and [10].

In this way, Value of Cooperation can be viewed as a quantidicaf market power,
and merger simulation can be thought of as a Value of Codparateasurement on the
post-merger firm. The presence of market power alone, hawewaot necessarily illegal,
nor is it sufficient to give the firm monopolistic power, as fiven would also need to
create barriers of entry to prevent new firms from competihgkewise, there may be
other measures used to quantify the impact of market steictuindustrial organization
on market conditions. Nevertheless, such measures tj)picampare a property of an
equilibrium of one market structure with that resultingrfr@a different market structure,

and are thus comparative static analyses that typicallyregdynamic issues.
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Often, however, the demand models used in such simulatem$ead to unstable
equilibria, or even conditions where no equilibria exisbltfor some market structures
[3]. Such results are generally not the foreshadows of pgndiarket doom should the
right conspiracy be formed, but rather are simply dynanmnithtions resulting from math-
ematical technicalities of the these models. None of theashehmodels typically used in
economics, i.e. linear, log-linear (constant elasticiyyit, AIDS, and PCAIDS, guarantee
the existence and stability of equilibria for all possiblanket structures.

Viewing the marketplace as a profit-maximizing multi-ageghamical system
(Section II), this work resolves these issues by providitapifity robustness conditions
with respect to coalition structure for such systems whesdhsystems have a particular
network demand structure (Section Ill). These conditiarsthen leveraged to provide a
systematic methodology for empirically estimating a riehigty of AIDS-like demand sys-
tems from market data, using standard convex-optimizdtofs, that guarantee sensible

stability results regardless of the structure of cooperaith the marketplace (Section 1V).

4.2 Markets as Multi-Agent Systems

Consider a market consistingwproducts, each produced and controlled by a single prod-
uct division. These product divisions are the constitusigents in our multi-agent system,
N, and they are arbitrarily ordered and numbered h.té-ollowing a Bertrand model of
pricing, each agent has complete authority and controlitepis product as it sees fit. The
prices for all the products are public knowledge, known gtgiaen time by all the agents,
and denoted by the vectarc R". For convenience, we will assume that the prices are in
units relative to the unit cost of production for each prddddat is,x; is the markup for
producti.

We suppose that the aggregate effect of consumers in theemarffiven by a de-

mand functiong(x) : R" — R", which characterizes how the quantity sold for each product
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varies with prices. Note that the demandx) : R" — R, for producti depends, in general,
not only on its own price, but on the prices of all the otherdurcts as well.

Each agent is equipped with a utility function that scoregéward as a function
of the decisions of all the agents in the system. This utilityction is a component of the

market utility and is given by each product division’s prefit
Ui(X) = %qi(X). 4.1)

Afirm, F, is a coalition of agents, represented as a subgét Bfe allow the market
to coalesce inton < n firms, where every agent belongs to one and only one firm. Thus,
the market structure, or industrial organizatioch,= {F1,F,,...,Fn}, is a partition ofN.
We will write .Z ~1(i) for the firm to which agenitbelongs.

We associate with each firm an objective or profit functioregiby the sum of the

utility functions of the agents belonging to the firm,

Ur (x) = Z: Ui(x) = Z: XiQli (X)- (4.2)

By associating with a firm, an agent agrees to adjust the patés product to maximize
the total profits or objective of the firm, rather than simplspamize its own utility. Thus,
all agents belonging to the same firm adopt a common objeatide=ffectively surrender
their pricing authority to the firm, allowing the firm to loseomey by underpricing in one
division in order to induce a greater demand and profit inlaeradivision.

Each agent therefore changes its price in the directioneofthdient of the objec-

tive of the firm to which it belongs;

_ OUr [SicrUi] < 9Ui

: 7]
X = (9—xi<x) =T 2 d—xi(x)' (4.3)
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Substituting from (4.1) for the profit structure of an agenttility and writing them in

vector notation, these dynamics become
x=Vz(x) = [Dg (Jq (X)) ] x+a(X), (4.4)

whereJy(x) is the Jacobian of the functiag(x), AT denotes transpose of a matéxand
D (A) is defined as: ajlij = a; if j € .#71(i), and b)d;; = 0 otherwise. Thus, ifZ =
{(1,2),3} andA were given by

12 3 120
A=|4 5 6|, then Dz(A)=| 4 5 0
789 009

Given a market structure and a demand function, Equatia@r {dus represents the profit-
maximizing dynamics of the multi-agent system and becomeséntral focus of our anal-
ysis.

Our stability robustness problem, then, is to find condg&ioander which we can
guarantee existence, uniqueness and stability of theilequih of Equation (4.4) for all

market structures” € A, whereA is the set of all partitions dXl.

Example 1. Consider a market with three products with consumer demarehdy:

1 (X) -3 -5 4 X1 80
RX |=| -4 -4 3 X, |+ 90 (4.5)
g3(X) 1 2 -15 X3 80

Note that the demand is linear, and based on the signs of cieetfs in the demand func-
tion, we can see that Products (1 and 2) are complimentsewhiand 3) and (2 and 3) are

substitutes. That is to say, an increase in the price of Produesults in decreased sales
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of both Products 1 (as you would expect) and 2 (i.e it is a comgait to Product 1), but an
increase of sales of Product 3 (i.e. it is a substitute forderct 1).
The utility functions of the constitutive agents, meanhggthree product divisions

that each control a single product, are thus given by

U, = (—3X1—5X2—|—4X3—|—80) X1
Uy = (—4x1—%+3x3+90)%> - (4.6)
Us = (X1+2x2—15x3+80)x3

Moreover, given any market structur#, the profit-maximizing dynamics of this multi-

agent system then become

-3 -4 1
Xx=Dgz|| -5 -4 2 X+q(x). (4.7)
4 3 -15

Now, lets compare the market dynamics for two differentsitril organizations.
First, we will consider the organization where every proddizision is its own firm,% =

{1,2,3}. In this case, the dynamics become:

-3 0 0
X=| 0 -4 0 [x+4(x

0 0 -15
5(1 -6 -5 4 X1 80
=% |=| -4 -8 3 X, | +| 90 (4.8)
X3 1 2 -30 X3 80
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It is easy to verify that this system has a stable equilibratm= (8.91,8.11, 3.50) dollars.
The demand at this point becomes-26.72,32.42,52.63) units sold per unit time, and
the profits for each firm are U= (23807,26293,184.21) dollars per unit time.

Now let’s consider the organization where Divisions 1 ande2ga to form a single

firm. This market structure is given i = {(1,2),3}, and the corresponding dynamics

become:
-3 -4 0
X=1| -4 -4 0 [x+q(x
0 0 -15
X1 -6 -9 4 X1 80
= | % |=|-8 -8 3 x> | +| 90 (4.9)
X3 1 2 -30|| xs 80

We see that with these dynamics the system has an equililatixs- (6.40,6.08,3.29)
dollars, corresponding to the demand of(43.56,49.95,49.21) units sold per unit time
and profits for the two firms of U= (58248,16190) dollars per unit time. Nevertheless,
this equilibrium point is unstable. As a result, these afuiim values are never really
attainable, the profits 0$582.48 for the merged firm can not actually be realized, bseau
even small changes in prices will lead, according to this elgi a never ending price war
that never converges. Note that there is no way to detectoaiphiat this particular market
structure would be unstable with this particular demandeys The merger of Divisions

1 and 3, for example, corresponding to market structére- {(1, 3),2}, is stable.

4.3 Stability Robustness Conditions

Example 1 demonstrates how otherwise reasonable modelsatetdynamics can fail

when considering industrial organization issues. The aehmaodel, which is of sufficient
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fidelity to address questions such as the complimentargfgutive relationship between
products, drives the prediction that one possible mergikregult in prices going to infin-
ity. In reality, such a merger would not result in continyaticreasing prices; this result
is simply an artifact of the model we have chosen. As a resdtsee that this model is
simply inadequate to describe market dynamics under clsangearket structure, at least
for some structures.

Nevertheless, if a model breaks down for some market stregtoy predicting un-
stable equilibria (or the lack of any equilibria, as happfmsconstant-elasticity models),
can it be trusted to yield accurate results for any markeicgire? Whatever simplifica-
tions in the model cause it to drastically fail for some madteuctures might degrade its
representation of the true dynamics under other markettsties. The only safe course is
to identify models that have sufficient fidelity to yield sdne results for every possible
market structure.

Note that verifying the fidelity of a proposed model by checkihe stability prop-
erties for all possible market structures is intractalile;niumber of possible market struc-
tures grows worse than exponential withthe number of products, and real markets can
involve thousands of products. As a result, we need tragtalblustness conditions that can
guarantee existence, uniqueness and stability of egailibgardless of market structure.

To generate such conditions, we begin by defining the questive will use to
check stability robustness of the system (4.4). For natati@onvenience leF (i) =
Z~1(i) denote the firm to which thé" agent belongs. When introducing the lemmas,
we will write My, n(F) for the set of allmx n matrices whose entries are elements of the
field F, and we will abbreviate t™,(F) in the case of square matrices. For any square ma-
trix A € My(C), we will denote its numerical range ®$(A) = {x*Ax| ||x||> = 1}, and its
spectrum ag(A). For a subse$of a vector space, we will write ¢8) to denote its convex

hull. For two subset# andB of a group(G, +), we writeA+B = {X+Yy|x€ Ay € B}.
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Lemma 1. Given the system (4.4), the Jacobian of the system dynavijicglecomposes
as:

v, (X) = [AX) + Dz (AT(X))] +B#(X) +Cx(X), (4.10)

where AX), Bz (x), and Cz(x) are given as follows:

A A= 33T0 52 00, AGX) = g (¥ (4.11)
Bz(X): Bii(X) =0, Bij(X) = Jkeri)\{ij} %(X) (4.12)
CrX): Gl =T 57 Ci(x)=0 (4.13)

Proof. The diagonal entries ak/, (x) are given by,

2A;i (X) +Gii (x) = 2Ai (X) + Bii (X) +Gii (X). (4.14)

For j # i, the off-diagonal;j (x) is given by,

oV, 22Uy
Jj(x) = 5—-(x) = (%)
oX;j k;(i) 0% 0X;
92U 92U
= o W+ 5o ¥
ker(n(i,j1 9X9Xi keF (T 4i,j) 9X9%
92U
= Z 3 'dk' (X) + Bij (). (4.15)
ker (Tngi,j1 9X9X
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Whenj € F (i), we then have

B 22U, (x (92Uj
0% 0% 9X;

= Aij(X) +Aji (X) + Bij (x)

Jij (%)

= Ajj (X) +Aji (X) + Bij (X) + Cij (X). (4.16)

Otherwise, wherj ¢ F (i), we then have

211
10 = gpeu 9+ By (0
= Ajj (X) + Bij () +Cij (x) (4.17)
Therefore,
Js(¥) = [AX) +D#(AT(X))] + B (X) +Cz (x). (4.18)

O

Definition 3. The market structure consisting of a single fit#d,= {(1,2,...,n)}, that is,
where all agents belong to the same coalition, is called@nend Structuredenoted?,

and the associated firm is called tland Coalitiondenoted G.
Lemma 2. Given by(4.13)and Definition 3, G (x) = 0.

Proof. This follows directly from the definition o€ in (4.13), where the only nonzero el-
ements are on the diagonal, and the diagonal elements bessmfor the Grand Structure

since all agents belong to the same firm. O
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Definition 4. A function hx) : R" — R™ is said to havenetwork structuref there exist

functions fj : R? — R such that

hi(X) = .

J

fij (%, %j), i=1,...,n (4.19)

M=

Lemma 3. A demand function, () : R" — R", with network structure induces network
structure on the market utility function, given by (4.1)dahe objective function of each

firm in the market, given by (4.2).

Lemma 4. If the utility function, Ux), associated with system (4.4) has network structure,

then Bz (x) = 0 for all market structures?.

Proof. Network structure ol (x) implies there exist functiond;; : R? — R such that

Ui(x) = 371 fij(%,%)), i=1,...n Hence, fork ¢ {i, j},

92Uy (%) = N 92 fi (%, %)
%0% &G 0%0X]
_ 9% i) | 9%fii (% X))
0% 0X; 0% 0X;
_ 9 9filxex) | 9 Ofig(XeXj) _
0%  OX| ox; 0% '
Therefore, following from (4.12)B ~ (x) = O for all market structures? . 0

Definition 5. A utility function U(x) : R" — R" is said to bepartially convexf,

02Uj . n
0—Xi2(X)ZO Vj#i, ¥xeR" (4.20)

Lemma 5. When utility functions of the system (4.4) are partiallywm®n Cz () is a neg-

ative semidefinite diagonal matrix.
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Definition 6. An n-product market with profit-maximizing dynamics givgn(44), with
demand function ) : R" — R" that has network structure, and with partially convex

utility is said to be anndustrial organization networlor any market structure”.

Definitions 1 through 4 equip the models we will use to repnesgarket dynamics
with the technical structure we will need to guarantee talbobustness for all industrial
organizations. In particular, industrial organizatioriwarks provide a model class with
sufficient fidelity to explore questions involving changesiarket structure. The following

lemma comes from various parts in [4].
Lemma 6. Let AB € Mp(C).

(i) W(A) is compact and convex.
(i) co(a(A)) CW(A).
(i) W(A+B) CW(A)+W(B).

(iv) Ais normal= co(o(A)) =W(A).

Lemma 7. For A € Mp(R),

maxW(A+AT) = maxdieW(A) + maxieW(AT).

Proof. Essentially follows from the definition of numerical range,

maxW(A+AT) =  max x'(A+AT)x

[[X[2=1,xeC"
= max (XAx+xX'ATX)= max (X"Ax+XxAX)
[X[[2=1,xeCn [X[|2=1,xeCN

=2 max Re(X'AX) = 2maxReW(A).

Ilo=LxeCn

Following the same reasoning, Ma&XA + AT) = 2maxReW(AT), hence maw (A +
AT) = maxRieW (A) + maxReW (AT). O
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The following lemma is from12].
Lemma 8. Given f: R" — R", the equation x) =y will have exactly one root for each y

if there exist positive, R € R such that for all xe R", ||x|2 > R,

of
Ty < _ 2 n
z 0X(x)z_ gzl vzeR

Corollary 1. Given f: R" — R", the equation fx) =y will have exactly one root for each

y if there exists positive € R such that,

maxReW (%(x)) <-—g WxeR"

n zI df z of ZT of z
Proof. Forallze R ,WW(X)W eW (W()Q)’ and alsomﬁ(x)m € R, hence

Z' of z of of
2otz (0t o (0T )
T2 ox Tzl <V (ax<x>) NR S ReW (ax<x>)

Thus, if maxreW (‘;—;(x)) < —¢then,

Z' of, z of Lot ,
o 3e (X < X)) < - o1z < —
s <MW (G ) < e = 5 el

which satisfies the condition of Lemma 8. O
Lemma 9. For matrix A€ Mp(RR), W(Dz(A)) CW(A).

Proof. ForF C .% = {F1,F,,...Fn}, letlg =diad' ; (xe(i)), with xe(-) being the mem-

bership function of. Note that

m
D (A) =Y IrAlR
k=1
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Letw e W(D#(A)) and letx € C" such||x||2 = 1 andw = x*D#(A)x. Since

Seqle =1, Yt s X=X, hence

m

*

_XB=xx={ I S I x — Telex= 3 XIEx= S [lInx

=[Xlz=xx=1{ > IrRx] > Irx= Z Xlgrlrx= % X'lgx= > [[Irx]>.
k=1 =1 k=1T=1 k=1 k=1

Let.Z" ={F € .Z : Igex#0}. ForF € Z7, letyr = H'lFF)zT\ZI Therefore||yr||» =

1 andlgpx= ||I|:x||2y|:.

'r|
m
S
-
m
y
+

(Iexll2ye )" Adl[1EX]|2yF )

T

eF+t

X530V AYE), (4.21)

Fes+t

while Sec 2+ [|leX||3 = Srez [IFX|3 = 1. Thereforew is a convex combination of Ay,

which are inW(A) becausé|yr |2 = 1. W(A) is convex (Lemma 63 w € W(A). O

These lemmas demonstrate intermediate results that waitllerus to provide stabil-
ity robustness conditions for profit-maximizing dynamicglar any coalition structure. In
particular, Lemma 8 and Corollary 1 provide the machinepdus guarantee existence and
uniqueness of an equilibrium for every market structureddmonstrate stability of these
equilibria using Lyapunov’s indirect method, Lemma 1 pd®s a decomposition of the
Jacobian of the system dynamics that simplify under cet&ihnical assumptions. Lem-
mas 2-5 then invoke these technical assumptions to chawsct industrial organization
network and simplify the expression for the Jacobian of yisashics. Finally, Lemmas 6,
7, and 9 then yield the machinery to demonstrate how a sinff@ekcon the stability of the
Grand Structure dynamics will guarantee stability for aley market structures. We now

state and prove the stability robustness theorem.
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Theorem 1. Consider an n-product market with agentseeN1, 2, ...,n} and an industrial
organization network characterized 4.4). Let the Grand Coalition, G, of this network
be given as in Definition 1, with objective functiorg,las specified in (4.2). Under these
conditions, ther{4.4) will have a unique and stable equilibrium for alf € A, whereA is

the set of all partitions of N, if there exists posit&re R such that
maxo(H(x)) < —& VxeR", (4.22)

where HX) is the Hessian matrix of the objective functiog(W).
Proof. Let.# be an arbitrary market structurefn Let Jy, (x) be the Jacobian matrix of
Vz(X) given by (4.4). Following from Lemma 1,

J;(X) = [AX) + Dz (AT (X)] +Bz(X) +Cx(X).

The network structure of demand(x), and thus also of utilitylJ (x), then imply that
B~ (x) =0 as shown in Lemma 4. In the case ti#ais the Grand Structure, we know from
Lemma 2 thaCy (x) = 0. Thus,Jy, (X) = A(X) +AT(x) = H(X). In general, however, we
havely,, = A(X) + D#(AT(X)) + C#(x). From Lemma 6 this yields,

W (v, (X)) =W (A(x) +D.7 (A (x)) +C(x))

CW (A(X)) +W (D7 (AT (X)) +W(Cx(X)).

From Lemma 9W (D (AT(x))) CW (AT(x)), hence

W (Jy; (X)) €W (A(X) +W (AT(x)) +W (C(x)).
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As a result,

maxReW (Jy,, (X)) < maxReW (A(X)) +ReW (AT (x)) +maxReW (C(x)).

Due to Lemma 5W (C4#(x)) < 0. Also, from Lemma 7,
maxReW (A(X)) +ReW (AT (x)) = maxW (A(x) +AT (x)) =maxW (H(x)) = maxo (H(x)).

Following that, magieW (Jv,; (X)) < maxo(H(x)) < —&. By Corollary 1, we can conclude
that the equatiov#(x) = 0 has exactly one solutiok. Hence the market structurg
yields exactly one equilibriunt.. Moreover, since the Jacobian evaluated at the equilibrium

pointJy, (Xe), satisfies,

maxRed (v, (Xe)) < maxReW(d, (Xe)) < —€ <0,

then the equilibriunxe is locally stable due to Lyapunov’s indirect method. 0J

4.4 Demand Estimation for Industrial Organization Networks

This section shows how we apply the stability robustnessditiom in Theorem 1 to a class
of AIDS-like demand models. We will begin to cover first ourim#&ool, semidefinite
programming [11] [5], used in finding the model parameteet thest fit the data, while

meeting the sufficient condition given in Theorem 1.

4.4.1 Semidefinite Programming

In semidefinite programming, one minimizes a convex fumcsabject to the constraint
that an affine combination of symmetric matrices is posisemidefinite. As the authors
of [11] noted, such a constraint is nonlinear and nonsmdmthconvex. In fact, it is shown

in [11] that although semidefinite programs are much moreg@ihan linear programs,
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they are not much harder to solve. Most interior-point mdghfor linear programming
have been generalized to semidefinite programs. As in limegramming, these methods
have polynomial worst-case complexity, and perform veril ineractice.

Let us show the canonical form of a semidefinite program,

minimize fp(X)

n
subjectto o <W0+ thPixi> <0, (4.23)
i=
wherefy(x) is convex andV; are symmetric for=0,1,...,n.

4.4.2 Demand Estimation with Stability Robustness Constriat

Now we will show our methodology applying to a class of demamubels. Let us first
do so by describing our model, after which we shall show tlo#t bhe requirements given
in Definition 4 and Definition 5 are met. This demand model isdabon the concept of
effective price: we recognize that changing prices fronfiedént price ranges will yield
different effects on demand. Therefore, fgtx;) be a function representing the effective

price of product, our demand function will be,
q=Pf(x)+b,wheref(x) = (fi(x1), f2(x2),. .., fn(n)). (4.24)

Use demand functions given by Equation (4.24)

Let us show that this demand model given in (4.24) satisfiethalassumptions of an
industrial organization network. First, it can be shownt ttiee network assumption in

Definition 4 is met, because

gi(x) = Z Pij fj(Xj). (4.25)
=
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Also the partially convex requirement, as defined in Defanith, is met. Folj # 1,

(9] 9 9qi(x) _ 0 ( .i""fi(xﬁ):oza (4.26)

(92Uj (x) = —x 2
¢ 9K Fox  ax Fox; A%

Use splines to design the effective price functions, f(x)yithe demand model

These functions should be monotone and will serve as basdidms in a nonlinear re-
gression when fitting P and b from data. The choice of f(x) camglided by data or use

professional expertise to characterize price sensitimitiie market.

Substitute the desired effective price functions to build esemidefinite program. Note

that this program samplesH (x) to try to enforce that o(H(x)) < —& everywhere

This is the most important step in the process. Let us belddta showing how it is
carried out. Assuming that we are giviérdata pointgq;,x;), i =1,2,...K, whereg; € R"
are quantity demanded at a price setting R", our objective is to minimize the regression
error. For example, if the regression error is measured élsthorm, then we have a least

square regression problem,

find PeMp(R),beR" to

K
minimize Zl||PXi+b—CIi||%. (4.27)
i=

In addition, we need to ensure that the condition (4.22) is fieis condition needs to be

held for an infinite number of € R". However, by looking carefully at,

H(x) = % = [Pdiag(g—)z(@) +diag<g:;( )) PT} +d|ag<z PijXj 5= dx 2 )
(a.

we recognize that if we require that the effective price fions are linear fox € ¢n(R) =

28)

(x) is unchanged fok € %n(R). Therefore we
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only need to meet the constraint (4.22) for a compactbalis,(R) = {xe R" | ||x||2 < R}.
In fact, we will make one step further by sampling the pointhis ball, so that the number
of points to check is finite. This is often done in practice, IB0S= {s } be a finite sample

of x € #n(R), constraint (4.22) can be approximated by,
maxo(H(s5)) < —€ V§e€S§ (4.29)

-
If we lety = P11 ---Pin b1...Ppn1 ... Pmn bn} , e MKn,n2+n(R)’ M=
diagZ,Z,...,Z), whereX € Mk n;1,

[Z]i: fl(X]_) fn(X|) l},

1T
Z= |01 ... Ok1 --.Oin -...Okn| »andl= n?+ n, then the regression objective be-
comes, _
find yeR' to
minimize ||My —z||3. (4.30)
Also, let @jj(s) € Mp(R), ®jj(s) = diad' ; zsjd fi(s)), Qijj(s) € Mn(R) hav-

ing two non-zero(i, j)!" and (j,i)!" entries with value(,—xi'(s), Wij € Mys)(R), Wij =
diag, s [Pij (<) +Gij(sc)], andWo € Mpg(R),Wo = diag(¢, €, ...€), then the regres-

sion constraint becomes

n
Lpo-l- Wi]y(n+1)i+j] < 0. (431)
i=1]=1

subjectto maw

(4.30) and (4.31) together constitute a semidefinite pragra
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Figure 4.1: Plot showing price sensitivity: a spline goihgough pointg5,19), (20,47),
(35,56), and(50,61).

Solve fory - or equivalently -P and b

Solving the least square semidefinite program in (4.30) 4rf1] yields the network de-
mand functiong(x), that best fits the data, and guarantees that the conditimmsitheorem
1 onH(x) that guarantee stability robustness for all market strestare met.

4.4.3 Numerical Experiment

Consider 100 data points generated by the log-linear model,

~057 010 -0.12 7
logg(x) = | 0.20 —1.00 011 |logx+ [7]| +w, (4.32)
~0.02 006 -0.68 7

wherew is white noise with standard deviation 1. We chodge) to be the same function
for each dimension: a spline going throu@h 19), (20,47), (35,56), and (50,61) (we
chose these points by looking at the generated data, andilyoestimating the effects of

different price ranges on demand.) A plot showing this spisnshown in Figure 4.1.
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Figure 4.2: Plot showing the histogram of residuals. Theaiogis the histogram residual
values, while the bottom shows a histogram of absolute wesd These results indicate
that the industrial organization network model fits the datmemely well.

Based on this spline, we perform a semidefinite regressidihttee demand func-

tion g = Af(x) + b while meeting the robustness condition. The optimal pataraebe-

come:
570 096 —1.23 48122
qx)= | 1.96 —-1000 117 | f(X)+ |63645| . (4.33)
024 059 -6.82 56300

These matrices do not look quite the same as the matrice® iarifinal model because
our regression model is not in logarithm scale. To see hownadlel fits the demand,
we plot of percentage difference of demands between ouesegm model and the log-
linear model in Figure 4.2. Since we have 100 data pointsgacti data point reflects the
demand of three different products, we show in our plot tistolgiram of 300 differences,
and the histogram of 300 absolute error. While the demandadtgies range between 150

and 400 units, the differences range between 0 and 12 urots9@®»o of the data points,

42



the difference is less thanS.percent. The maximal difference is abous percent. Our
model fits the data quite well, but more importantly, it guress existence, uniqueness,
and stability of equilibriums under all market structures.

Note also see that the complimentary/substitutive retatips between different
products are also preserved. In the log-linear model, welssethe pairs of products 1
and 2, and 2 and 3 are substitutes, while products 1 and 3 arplements. This is also
reflected by the sign of elementsief

Finally, we show how our demand model reflects own-price dehtey plottingg;
with respect tog;, while fixing both other two prices at 20. The shape looksajtealistic
(Figure 4.3), as it shows a decreasing function that geteflahen price increases, reflect-
ing the law of diminishing returns. These results suggeshikthod is quite practical.

We also show the log linear demand function in the same pldte difference
between our demand function and the log linear demand famcdiwhen price is close to

0, and due to nature of logarithm, log-linear demand ina@sasponentially fast.

4.5 Conclusion

In this paper we demonstrated stability robustness camditivith respect to coalition struc-
ture for a class of profit-maximizing nonlinear systems. Seheonditions were then lever-
aged to provide a systematic methodology for estimatingtavariety of demand systems
from data that guarantee sensible stability results régssaf the structure of cooperation
within the marketplace.
The importance of these results emerges from the abilitydgulators and man-

agers alike to reliably conduct market power analyses usi@@er simulation and reverse
merger simulation techniques. In such studies one can canfon example, the value of

cooperation of a firm as a measure of its market power.
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Figure 4.3: Demand plots of each product with respect towts price, fixing the other

two prices at 20. The solid lines plot our demand functionsl the dashed lines plot the
loglinear demand functions.
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